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Dynamic Analysis of a Deployable Space Structure

G.E. Weeks*
The University of Alabama, Tuscaloosa, Alabama

A mathematical model and a corresponding simulation code have been developed for investigating the free-
vibration and forced-response behavior of a deployable space structure. Specifically, the structure considered
was the NASA Solar Array Flight Experiment configuration (that has undergone testing on a recent Shuttle
flight) where the mast was modeled as an Euler beam column and the solar array was modeled as a membrane.
The resulting partial differential equations of motion were transformed such that the boundary conditions were
time-invariant. Subsequent use of the Galerkin method resulted in an infinite set of second-order differential
equations that were truncated and solved for the frequency and forced-response behavior of the coupled struc-
tural components. It is demonstrated that accurate results for frequency and mode-shape characteristics can be
obtained with only a small number of generalized coordinates and, thus, appears to be a more computationally
efficient algorithm than the finite element method for this type of structure. Similarly, the truncated set of equa-
tions was numerically integrated to obtain response histories of certain pertinent variables from a packaged
structure, through full deployment, to complete retraction.

Nomenclature
a{ = center of gravity offset of mast tip
e{ = distance from mast £ to array
El = bending stiffness of mast
KT = stiffness at mast-canister interface
L = instantaneous length of mast
M = mast bending moment
M = mast of mast tip fitting
P — compressive load in mast
t = time
T = tensile load in the solar array
V =mast transverse shear force
w,y = transverse deflection of solar array and mast,

respectively
z = axial coordinate of SAFE structure

Introduction

STRUCTURAL configurations capable of being packaged
nto a small volume to be deployed on orbit to full size have

been utilized on a number of well-known space-related ac-
tivities over the past few years. However, immediate and
future applications of the packaged-structure concept to struc-
tures with truly large-scale deployed dimensions, such as
satellite solar arrays of sufficient size for commercial use and
expandable component sections for the structural foundation
of a permanent manned space station, present new and
challenging structural, kinematics, and controls problems that
must be considered.

In particular, this paper addresses the problem of the for-
mulation and corresponding analysis of the dynamic response
behavior for a packaged structure during the deployment
modes of extension and/or retraction. The solutions of this
problem present considerable mathematical difficulties mainly
because the formulation results in partial differential equa-
tions of motion with time-variable coefficients and boundary
conditions which are functions of time. Similar problems with
nonstationary boundary conditions have been studied in abla-
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tion,1 moving threadline,2 and bandsaw motion.3 However,
the first work on a more directly related structural configura-
tion appears to have been published by Worley,4 where he
studied the response behavior of a uniform Euler beam with a
constant deployment speed. Since then a number of studies
have been carried out on the deployable flexible appendage
problem.5"7 The objective of this study is to provide an effi-
cient method of analysis for simulating the dynamic response
behavior of a coupled structure that models a deployable ap-
pendage with an attached solar array blanket.

The formulation of the equations of motion for such a
deployable structure and a corresponding simulation of its
response behavior during deployment will obviously be a func-
tion of the geometry of the specific structure being considered.
For this investigation, the deployable structure considered was
the NASA SAFE (Solar Array Flight Experiment) configura-
tion shown in Fig. 1, where a fiberglass, three-longeron, truss-
type appendage initially coiled in a containment canister is
connected to a packaged solar array blanket as indicated. Ex-
tension or retraction of this coupled structure is accomplished
by means of a rotatable nut assembly driven by a constant-
speed drive motor as shown in Fig. 2.

This particular configuration was chosen for consideration
mainly because an actual prototype structure has been con-
structed and limited analytical and experimental data are
available for validation of the mathematical model and solu-
tion algorithm to be presented in this study. Specifically, the
SAFE structure has been analyzed to determine its natural fre-
quencies and mode shapes at 70 and 100% deployment8 using
the SPAR9 finite element code. Conceptually, this code or
other general-purpose finite element codes (e.g., NASTRAN)
could also be used for the direct integration of the equations
of motion to trace accurately the response histories of
displacement and stress at critical points in the structure dur-
ing deployment. However, the finite element method typically
requires several hundred degrees of freedom to model the
structure accurately, which in turn requires the solution of
these several hundred coupled equations of motion at each
time step. When it is considered that several hundred to
several thousand time steps are typically required to trace the
response history of a complex structure accurately, it is ap-
parent that significant amounts of computer time and expense
could be required for dynamic analysis using the finite element
method.

An alternate method of analysis is to model the structure
with analytic functions defining its modal behavior. (It is
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pointed out that the classical procedure of modal superposi-
tion is not applicable for this investigation because of the time-
varying stiffness of the structure during deployment/retrac-
tion.) The advantages of this approach are that, when ap-
plicable, accurate vibration and dynamic response histories
can be obtained with a relative few degrees of freedom as com-
pared to the finite element method. While this method of
analysis is presented herein for investigation of the deployable
dynamics of the SAFE structure, the basic procedure can be
used for structures with different geometries, e.g., parabolic
reflectors.

In order to focus attention on the development of the
mathematical model, temporal operator considerations, and
the effect of system parameters on dynamic response, this
study will consider only the in-plane response of the SAFE
structure. Extensional and torsional vibrations are neglected.
The mathematical model is developed by integrating the equa-
tions of motion of the component elements, by parts, to
establish a virtual work principle. Analytic functions defining
the modal behavior of these component elements are then used
with Galerkin's method to reduce the partial differential equa-
tions of motion to an infinite set of ordinary second-order dif-
ferential equations with variable coefficients. A truncated set
of these equations is then solved for the frequency and forced
response behavior of the coupled structure. It is demonstrated
that accurate results are obtained using only a small number of
generalized coordinates.

Structural Model—Equations of Motion
The SAFE structure shown in Fig. 1 is ideally modeled as

shown in Fig. 3 where the deployable mast is modeled as an
Euler beam column of constant cross section and the solar
blanket is modeled as a membrane. The corresponding equa-
tions of motion are

Ely"" (z,t) + [P(t)yf (z,t)]' +Pmy(z,t) =0 (1)

[T(t)w'(z,t)]'-Pbw(z,t)=Q (2)

where primes denote differentiation with respect to z and dots
denote differentiation with respect to time. Multiplying Eq.
(1) by dy (z, t), Eq. (2) by dw(z, t ) , integrating by parts over the
instantaneous deployed length of the structure, and making
use of the relations

w(L,t)=y(L,t)=Q (3)

M(L,t) =ELIy" (L,t) = -KTy' (L,t) (4)

M(0,0 =£/>>" (0,0 (5)

F(0,0 =EIy'" (0,0 +P(t)y' (0,0 (6)

result in the virtual work statement of the problem to be

- Tw' (0,06w(0,0 + V(Q,t)dy(0,t)

-KTy'(L,t)dy'(L,t)
f L ( t )

-M(0,t)5y' (0,0 + [ -Pbw(z,t)dw(z,t)
j o

!
L(t)

[-Pmy(z,t)dy(z,t)o

-Ely" (z,t)5y" (z,t) + Py' (z,t)dy' (z,t)]dz = 0 (7)

Explicit relations for M(0,0, ^(0,0, and P(0, in terms of
the system coordinates, are obtained from the equations of
motion of the rigid mast-tip fitting as shown in Fig. 4. These
equations also couple the response of the mast and blanket.

Fig. 1 SAFE configuration.

Fig. 2 Rotating nut assembly.

T( t ) solar array

K ( t )

Fig. 3 Two-dimensional model, SAFE structure.

T(t)

Fig. 4 FBD (Free Body Diagram)—mast tip fitting.
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Neglecting higher order terms, the results are

M(0,0 = r(f)*i + (el -a, )ML(t) (8)

(9)

(10)F(0,0 = T(t)w' (0,0 -

Note L (t) is positive for extension and negative for retraction.
Considerable savings in computation time can be realized by

transforming Eqs. (7-10) into a form such that the boundary
conditions are not a function of time. This is accomplished by
the transformation

x(t)=z(t)/L(t) (11)

such that the mast and blanket boundaries are transformed
from z = 0, L(t) to x = 0,l. The derivatives with respect to z
and t in Eqs. (7-10) then become

, ,. l 30
L(t) dx

L2(t)

3 2 ( )_____
dt2 L(t)

dx2

2L(t) 32(
dxdt I L(t)

L(t)

2L2(t)ld( ) 2 L2(t)
L2(t) dx L2(t) dx2 (12)

The final form of the equations of motion is derived by con-
sidering a series expansion of the mast and blanket
displacements in the form

y(x,t) =

where

Wn (x) = sin/nrx

(13)

(14)

(15)

and Yn(x) is the nth eigenfunction of a free rotationally
restrained beam of fixed unit length. (The eigenfunctions and
corresponding eigenvalues for this beam with a specified stiff-
ness are presented in Appendix A.) Substituting Eqs. (13-15)
into Eq. (7) [after making use of Eqs. (8-12)] and performing
the indicated operations result in the following infinite set of
second-order differential equations with variable coefficients:

r ? i r4
J L£

Bn (16)

C%n, and FJ1 arewhere the matrix coefficients
listed in Appendix B. It is noted that if the deployment veloc-
ity and accelerations are zero, the pseudodamping matrix
vanishes and the resulting equations are coupled through the
mass matrix only.

The deployable dynamic behavior of the SAFE structure is
now obtained by numerically integrating Eq. (16), subject to
specified initial conditions, and substituting the results into

Eqs. (13) and (14) to evaluate the response histories of the
mast and solar array. A discussion of the method of integra-
tion used in this study is presented in the next section.

Numerical Solution Procedure—
Temporal Operator Considerations

For structural systems with no coupled damping, modal-
superposition techniques are typically utilized to obtain
response histories by transforming the equations of motion
into principal coordinates and solving the resulting set of un-
coupled equations. However, for the deploying structure, not
only does this coupled damping occur, but the mass and stiff-
ness matrices are continually changing with time. These con-
siderations then preclude formulation of an uncoupled set of
equations so that a direct step-by-step integration of the equa-
tions of motion [Eq. (16)] is required to determine the system
response.

Numerous integration algorithms (or temporal operators)
are available for carrying out this step-by-step integration; im-
plicit and explicit schemes and single and multistep methods.
The ideal operator would be easy to implement, uncondi-
tionally stable, and exhibit no artificial attenuation of the
amplitude and phase response for any reasonable time step
chosen. No such operator exists and although significant ef-
fort has been devoted to the development of such computa-
tionally efficient algorithms10"12 in recent years with some suc-
cess, the constant-average-acceleration version for the
Newmark operator13 and the Wilson-0 operator (6= 1A)14 are
still considered to be the most appropriate even though each
has recognized drawbacks for specific problems. Conse-
quently, these two explicit operators were initially selected in
this study for integrating the equations of motion of the
deployable structure (the explicit schemes were not considered
because of their typical numerical instability characteristic and
extremely small step size required to trace the system response
accurately). In general it was found that results obtained from
the Newmark operator were unsatisfatory because of the
magnitude of the spurious participation of the higher modes.
On the other hand, the Wilson method appeared to produce
acceptable response histories for all cases considered and,
hence, was the temporal operator used for this study.

Finally, it is appropriate to point out a problem with any
technique of numerical integration that is unique to
deployable dynamics. A well-known rule of thumb used for
step-by-step integration algorithms is that the time step used
should be a certain fraction of the fundamental (or highest)
period to trace the system response accurately. Now consider
that from initial to final deployment, the fundamental fre-
quency of a typical configuration may vary by an order of
magnitude or more. Correspondingly, the time step required
to trace the initial response will be similar orders of magnitude
smaller than required toward the final stages of deployment.
If the initial step size is kept constant throughout the deploy-
ment history excessive CPU time is required. Thus, it would
appear that a variable time step consistent with the variation in
frequency with deployed length would represent an optimum
choice of step size, in terms of minimum required CPU time.
However, the effect of a variable step size on temporal
operator behavior—artificial attenuation and damping of
spurious modes—does not appear to have been investigated in
the literature.

Structural Response—Numerical Results
The SAFE deployment/retraction scenario is illustrated in

Fig. 5. From package to 10% deployment, the array is stabil-
ized by guy wires with a constant total tensile force of 4.8 Ib.
At 70%, a tension bar attached to the array is abruptly engag-
ed to prestress the array with a tensile load of 11.75 Ib,
resulting in a total mast compressive force of 16.55 Ib. After
reaching quiescence, the SAFE is deployed from 70 to 100%
with the constant mast compressive force of 16.55 Ib. At
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100%, a final bar is engaged that abruptly changes the mast
compressive force from 16.55 to 23 Ib.

Natural Frequencies and Mode Shapes
The basic stiffness, mass, and geometric parameters that

define the SAFE structure are presented in Table 1. With these
values, natural frequencies and mode shapes were computed
from Eq. (16) using five beam modes for the mast [Eq. (13)]
and five modes for the array [Eq. (15)]. The results for the
first three in-plane frequencies of the structure at 70 and 100%
deployment are shown in Table 2, along with results obtained
using the finite element method.8 Assuming the finite element
results were exact, the results obtained from the present for-

grommets
(typ)

guy
•wires

1 1 . 7 2 Ib ( 1 8 . 2 )
Fig. 5 SAFE deployment—stabilizing forces.

array

Fig. 6 SAFE—first two mode shapes.
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SAFE Deployable Length (in)

Fig. 7 Frequency variation with deployed length.

mulation, using only ten generalized coordinates, are in error
by approximately 5% for the first natural frequency and less
than 10% for the second and third frequencies—adequate ac-
curacy for design. The mode shapes corresponding to the first
two natural frequencies are shown in Fig. 6. Also, for com-
pleteness, the variation in the first two natural frequencies of
the SAFE—-as a function of deployed length—is shown in
Fig. 7.

Dynamic Response
The equations of motion [Eq. (16)] were integrated

numerically, using the Wilson-0 algorithm discussed previ-
ously, to obtain the SAFE response for various deploy-
ment/retraction scenarios. All results were obtained using five
modes for the mast and blanket. As an aid in interpreting and
verifying the dynamic response results presented subsequently,
the mast tip static deflections, as a function of the applied load
and deployment length, are shown in Table 3.

The mast tip displacement response from 0 to 70% deploy-
ment is shown in Fig. 8. Note that until the 70% length is at-
tained, the small load (4.8 Ib) and slow deployment speed (1.5
in./s) result in essentially static behavior with the tip deflec-
tion approaching the statip equilibrium value of 1.27 in. At
70%, the structure is "hit" with an additional 11.75-lb step
function load. Note that the oscillations are about the static
equilibrium position fo 4.55 in. and an apparent beat
phenomenon exists due to traveling waves.

The mast tip displacement response from 70 to 100%
deployment is shown in Fig. 9, assuming the structure was in-
itially at rest and then "hit" instantaneously with a 16.55-lb
load. The tip initially oscillates about the static equilibrium
position (4.55 in. at 70%), and during deployment to 100%
the tip continues to oscillate about the variable static
equilibrium position, reaching 9.57 in. at 100%. At 100%, the
structure is "hit" with an additional 6.45-lb load resulting in
oscillations about the new static position (14.05 in.). Note that
changes in structural stiffness of the SAFE due to a change in
length and axial loading are reflected in Fig. 9 by the changes
in the vibration period during deployment.

____Table 1 SAFE structural parameters____

Mast weight, Ib 41.6
Mast length (fully extended), in. 1260
Mast tip fitting (weight), Ib 59
Mast tip e.g., ail in. 6.6
Array offset from mast &, e{; in. 10.6
Mast stiffness, El; Ib-in.2 18x106

Mast base compliance, KT\ in.-lb/rad 300,000
Mast deployment speed, in./s 1.5

Table 2 SAFE natural frequencies, Hz

Mode

Present
investigation

Ref.2

70%
100%
70%

100%

0.058
0.036
0.059
0.034

0.108
0.092
0.119
0.096

0.179
0.145
0.196
0.153

Table 3 SAFE tip deflection under static loads

Deployed
length, in.
70% = 882

100% - 1260

Load,
Ib
4.8

16.55
16.55
23.0

Displacement,
in.
1.27
4.55
9.57

14.05
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vel.=1.5ips vel=0

Fig. 8 Mast tip response history, 0-70% deployment.

P=16.55 Ib
vel.=1.5 ips

Fig. 11 Mast base moment, 70-100% deployment.
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Time (sec)

P=16.55 Ib ~T~ P=23 Ib
vel.=1.5 ips; I vel.=0

Fig. 9 Mast-tip displacement, 70-100% deployment. Fig. 12 Mast tip displacement, 100-70% retraction.

250 500
Time (sec)

P=16.55 Ib ,L P=23 Ib
vel. = 1.5 ips ^^ vel.=0

Fig. 10 Mast-array clearance, 70-100% deployment.

For the SAFE configuration in particular, a primary con-
cern was the mast-array clearance during deployment. Figure
10 shows the results from this simulation for the net clearance
between the mast and array (at the instantaneous mast-array
midpoints) during the 70-100% deployment. It is noted that a
positive clearance is maintained throughout deployment. For
completeness, the mast base bending moment is shown in Fig.
11 for the 70-100% deployment scenario. From 70 to 100%,
the bending moment response oscillates about the static
equilibrium value (10.6x 16.55 = 175.4 in.-lb). At 100%, the
additional load of 6.45 Ib results in the moment oscillating
about the new equilibrium value of 10.6x23 = 243.8 in.-lb.

(The effect of deformed equilibrium positions on moment
calculations was not included here for convenience.)

Finally, the mast tip response is shown in Fig. 12 for retrac-
tion from 100 to 70%. These results were obtained assuming
the structure was initially "hit" with a 23-lb load for 0.01 s.
Thereafter, a constant 16.55-lb load was applied until retrac-
tion to 70% was obtained. Comparing Figs. 9 and 12 indicates
an important point that should be considered when dealing
with deployable structures—the retraction behavior is not
identical to the deployment behavior. In general, this is at-
tributable to the fact that the natural frequencies of an
expanding structure will be less than those of the same struc-
ture when retracting.

Conclusions
An efficient mathematical procedure and a corresponding

simulation code have been developed for investigating the
dynamic response behavior of a deployable space structure.
Numerical results have been obtained for a particular con-
figuration although the procedure is immediately applicable to
any configuration typical of deployable structures. The
method has been verified for natural frequency and mode-
shape predictions by comparison with published results ob-
tained using the finite element method. No published data are
available for comparison with the computed response
histories, although confidence in the methodology and results
is justified by consideration of the magnitudes of these
response histories with known values of static equilibrium
configurations. Finally, the method of analysis presented here
should be considered as a viable alternative to the finite ele-
ment method of analysis for a large number of proposed
deployable space structures because of the significantly re-
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duced number of proposed deployable space structures
because of the significantly reduced number of degrees of
freedom required to obtain comparable accuracy.

Appendix A
The beam modes used in this analysis [Eq. (13)] correspond

to a beam of unit length free at the left end and elastically
restrained against rotation at the right end. With these condi-
tions, the eigenvalues (natural frequencies) are given by solu-
tion of the equation

coshX,, —

where

„ ——-(1 + cosXwcoshXJ =0 (Al)

A72W2 KT

El' El
(A2)

and KT is the stiffness (in.-lb/rad) at the mast-canister inter-
face. The corresponding beam modes are given by the
equation

Yn ( x) =

where

kn =

x + cos\nx — kn ( sinhX^x + sinX^x) (A3)

n + cos A,, ) / ( sinhX,j + sinXw ) (A4)

For the specific structure considered, KT = 300,000 in.-lb/rad
and EI= 18,000,000 lb-in.2. The resulting first ten eigenvalues
are

X1 = 1.7947724

X2 = 4.5194452

X3 = 7.5950817

A4 = 10.670567

X5 = 13.760235

X6 = 16.859803

X7 = 19.966843

X8 = 23.079604

A9 = 26.196822

X10 = 29.317565

Appendix B
The elements appearing in the mass, stiffness, and load

matrices in Eq. (16) are given by the following expressions:

(l-x2)dx

-PmL Yn (x) Ym (x)dx-MYn(0)Ym(0)
J 0

Wn(x)(l-x)dx

M22= -PbL\ Wn(x)Wm(x)Ax
J 0

)\
J 0

= 2pbLYm(0) x(\-x)W'n(x)Ax

= 2PbL\ xW^
J 0

+ Pb
 2X~

MT r !
L, j o

-P

-Pb

- o Y'n(x)Y'm(x)Ax

) y"(0) Ym(0) So X( l ~X)dX

.. P l
pL\ xY'n(x)Y'm(x)Ax

J O

--L)xY'n (x)\ Ym

ym(0) x(l-x) W'n

(x)dx
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